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Abstract

This work addresses the idea of the uniqueness and existence results for a class of boundary
value problems (BVPs) for implicit Volterra-Fredholm integro-differential equations (V-FIDEs)
with fractional η-Hilfer nonlinear equations andmulti-point fractional boundary non-instantaneous
conditions. The conclusions are confirmed by the fixed point of Krasnoselskii’s theorem and the
Banach contraction principle. Finally, a concrete example is given to illustrate our main conclu-
sions.
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1 Introduction

A 1695 correspondence between Guilliaume L’Hopital and Gottfried Leibniz over the potential
relevance and meaning of non-integer-order derivatives served as the initial impetus for the idea
of fractional calculus [19]. Thanks to the combined efforts of variousmathematicians, notably Rie-
mann, Grunwald, Letnikov, and Liouville, a fairly sound theory of fractional calculus for functions
of a real variable had been constructed by the late nineteenth century [21]. Despite the publica-
tion of various probable fractional derivatives, the so-called Caputo and Riemann-Liouville (R-L)
are currently the two most popular variations, to mention [11]. The fractional calculus theory has
recently become an interesting topic of research for mathematicians, scientists, and engineers due
to the appearance of this theory in several applications in natural science and engineering and
the ability to model many systems and phenomena that have memory effects. For more resources
about this theory, we suggest [7, 8].

Mathematicians have recently modeled and addressed a broad variety of applied problems
using this fractional calculus. This is correct, as Podlubney states in [32]. In their studies on
fractional differential equations, several writers in the literature concentrated on Caputo and R-L
type derivatives [9]. Hilfer created the Hilfer fractional derivative of order α and a type β in [0, 1],
which interpolates between the R-L and Caputo derivatives, as a generalisation of both R-L and
Caputo derivatives [29].

This justifies the usage of and generalization of the fractional integro-differential equations,
Existence, uniqueness and stability [16], Uniqueness and stability results for Caputo type [12],
existence results on Hadamard neutral [15], controllability [14], On time scales [13], existence
and uniqueness [11], uniqueness [20], existence and stability results [34], β-Ulam-Hyers stability
[42], existence and stability results for ψ-Hilfer [41], existence results for Hilfer [40], existence
results of Katugampola type [25], existence and stability of solutions of ψ-Hilfer [22], existence
and stability of ℜ-Hilfer [17]. Using Hilfer operators, several scholars have recently looked into
the uniqueness, existence, stability, and generalization of different BVPs [26].

Asawasamrit et al. in [6] investigated non-instantaneous impulsive BVPs and the η-Caputo
(or, more accurately, η-Caputo-Liouville) fractional derivative. Ivaz et al. [23] investigated the
η-Hilfer fractional derivative integrating boundary conditions. Authors in [4] produced new exis-
tence discoveries for FIDEswith impulsive and integral criteria. Ali et al. used the HOBWmethod
to solve the fractional V-FIDEs with mixed boundary conditions in [3]. Agarwal et al. examined
non-instantaneous impulses in Caputo FDEs in [2]. Hussain et al. in [20] studied fractional BVP
with η-Caputo derivative. According to Kailasavalli et al.’s deduction in [24], there must be solu-
tions for FIDEs in Banach spaces. In [30], Nuchpong et al. considered inclusions with Hilfer-type
FIDE of BVPs and integro-multipoint nonlocal boundary conditions. Some essential FDE theory
and applications are provided by Kilbas et al. Authors in [25] investigated existence findings for
fractional impulsive IDEs using integral conditions of the Katugampola type.

In [32], Podlubny examined a few FDEs. Srivastava reviews the latest newly developed trends
in fractional integrals and derivatives in [38]. In [37], Srivastava covered a few parametric and
argument forms of the fractional calculus operators, along with related ideas such integral trans-
formations and special functions. Srivastava in [39] presents an introduction to the Fox-Wright-
based operators for fractional calculus and related higher transcendental functions. Recent IDE
ideas suggest that in some fields, including engineering, physics, medicine and biology, things
change their state rapidly in specific locations [10, 39].

Mahmudov et al. [28] studied the BVPs under the fractional integral conditions known as
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the Katugampola (or, alternatively, the Erd’elyi-Kober type) conditions. Asawasamrit et al. [5]
took into mind the nonlocal BVPs for Hilfer FDEs. Da Costa Sousa et al. [36] used the η-Hilfer
operator to study a Gronwall inequality. The sequential nonlocal BVPs for inclusions and FIDEs
of the Hilfer type were studied by Phuangthong et al. (reference [31]). Wang et al. studied
the existence results for FDEs with boundary integral multipoint conditions. In [35], Sitho et al.
looked into the BVPs for η-Hilfer for FDEs. Sudsutad et al. examined the stability and existence
of the η-Hilfer FIDE in [41]. When it comes to Hilfer IDEs. In [42], Yu studied β-Hyers-Ulam
stability for a particular class of FDEs. The investigation of FDEs with delayed impulses was done
by Zhang et al. Under impulsive conditions, η-Hilfer FDEs were looked at in the references [41].

The following proportional fractional derivatives were investigated by Abbas [1]:

aDp,q,gε(ϖ) = ℑ (ϖ, ε(ϖ), a1Ir,q,gε(ϖ)) , ϖ ∈ (rΛ, ϖΛ+1] ,

ε(ϖ) = ηΛ
(
ϖ, ε

(
t+Λ

))
, ϖ ∈ (ϖΛ, rΛ] , Λ = 1, . . . , ℏ,

I1−p,q,gε (a1) = ε0 ∈ ℜ,

where a1Dp,q,g and a1Ir,q,g. Indicate the proportionate fractional integral and derivative, and note
that the function Xi is continuous.

The following form represents the non-local boundary conditions of the fractionalHilfer deriva-
tive was explored by Nuchpong et al. in [30]:

HDp,qε(Υ) = ℑ
(
Υ, ε(Υ), Iδε(Υ)

)
, Υ ∈ [a1, a2] ,

ε (a1) = 0, ℘+

∫ a2

a1

ε(l)dl =

ℏ−2∑
Λ=1

ςΛε (ϑΛ) ,

and Iδ-R-L, HDp,q fractional Hilfer derivative and ℑ is continuous.

In their study of the implicit non-instantaneous BVP for generalized fractional-order Hilfer
derivatives of the following form, Salim et al. in [33]:(

αDp,q
τ+ ε

)
(Υ) = ℑ (Υ, ε(Υ), (αDp,qε) (Υ)) , Υ ∈ ∓Λ,

ε(Υ) = ðΛΥ, ε(Υ)), Υ ∈ [ΥΛ, rΛ] , Λ = 1, . . . , ℏ,

φ1

(
αI1−ϵ

a+
1

)
(a1) + φ2

(
αI1−ϵ

τ+

)
(a2) = φ3,

where αI1−ϵ

a+
1

and αDp,q
τ+ are fractional integral and fractional generalized Hilfer derivative and ℑ

is continuous.

We offer some uniqueness and existence results for the following fractional issue, which are
inspired by the aforementioned papers:

HDp,q;ηε(Υ) = ℑ(Υ, ε(Υ),Bε(Υ), Cε(Υ)), Υ ∈ (rΛ,ΥΛ+1] , (1)
ε(Υ) = ðΛ(Υ, ε(Υ)), Υ ∈ [ΥΛ, rΛ] , Λ = 1, . . . , ℏ, (2)
ε(0) = 0, (3)

ε (ℑ) =
ℏ∑

Λ=1

vΛIςΛε (vΛ) , vΛ ∈ ℜ, vΛ ∈ [0,ℑ] , (4)

where IςΛ -is η R-L, p ∈ (1, 2), q ∈ [0, 1], and 0 = r0 < Υ1 ≤ Υ2 < · · · < Υℏ ≤ rℏ ≤ rℏ+1 = rΛ,
ℑ : [0, rΛ]×ℜ3 −→ ℜ and ðΛ : [ΥΛ, rΛ]×ℜ −→ ℜ are continuous. Also,

Bε(Υ) =

∫ Υ

0

Λ(Υ, t)ε(l)dt, Cε(Υ) =

∫ rΛ

0

Λ1(Υ, t)ε(l)dt,
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and Λ,Λ1 ∈ C (D,ℜ+), and D :=
{
Υ, r) ∈ ℜ2 : 0 ≤ r ≤ Υ ≤ rΛ

}
.

2 An Auxiliary Result

Suppose that PC ([0,ℑ] ,ℜ) := {ε : [0,ℑ] → ℜ : ε ∈ C (jΛ,ΥΛ+1) ,ℜ} is continuous. Assume
that ∃ ε

(
Υ−

Λ

)
and ε

(
Υ+

Λ

)
, where ε

(
Υ−

Λ

)
= ε

(
Υ+

Λ

)
with ∥ε∥PC := sup{|ε(Υ)| : 0 ≤ j ≤ ℑ}.

Set PC ([0,ℑ] ,ℜ) := {ε ∈ PC ([0,ℑ] ,ℜ) : ε′ ∈ PC ([0,ℑ] ,ℜ)} and ∥ε∥PC∞ := max {∥ε∥PC, ∥ε′∥PC}.

Definition 2.1. [31] The R-L derivatives and integrals of Υ with η function be given by:

Dp;ηℑ(Υ) =

(
1

η′Υ)

d

dΥ

)σ

Iσ−p;ηℑΥ) =
1

Γ(σ − p)

(
1

η′Υ)

d

d

)σ ∫ Υ

0

η′(l)(ηΥ)− η(l))σ−p−1ℑ(l)dl,

and

Ip;ηℑ(Υ) =
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ℑ(l)dl,

respectively.

Definition 2.2. [18] The η fractional Hilfer derivative of the function Υ is given by:

HDp,q;ηℑ(Υ) = Iq(σ−p);η

(
1

η′Υ)

d

dΥ

)σ

I(1−q)(σ−p);ηℑΥ), σ − 1 < p < σ, 0 ≤ q ≤ 1.

Lemma 2.1. [27] Let δ > 0 and p, ι > 0. Then,

(1) Ip;ΩIi;Ωε(Υ) = Ip+ι;Ωε(j),

(2) Ip;Ω(ΩΥ)− Ω(0))δ−1 =
Γ(δ)

Γ(p + δ)
(ΩΥ)− Ω(0))p+δ−1.

When HDp,q;Ω(ΩΥ)− Ω(0))θ−1 = 0.

Lemma 2.2. [38] Assume thatℑ ∈ L (a1, a2) , σ−1 < p ≤ σ, and I(σ−p)(1−q)y ∈ACΛ [a1, a2], σ ∈ N.
Then,

(
Ip;η; ηHDp,q;ηℑ

)
Υ) = ℑΥ)−

σ∑
Λ=1

− (ηΥ)− η(0)

Γ(θ − Λ + 1)
ℑ[σ−Λ]

η lim
Υ→a+1

(
I(σ−p)(1−q);ηℑ

)
Υ),

θ = p + σq− pq,

where ℑ[σ−Λ]
η =

(
1

η′Υ)

d

dΥ

)σ−Λ

ℑΥ), and

∣∣HDp,q;ηε(Υ)−ℑ(d, ε(d), χΥ(d), ϕε(d))
∣∣ ≤ ϵ. (5)
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Lemma 2.3. Let ε ∈ PC ([0,ℑ] ,ℜ) a function given as follows:

ε(Υ) :=



ðΛ (rℏ) +
1

Γ(p)

∫ Υ

a1
η′(l)(ηΥ)− η(l))p−1ω(l)dl

+

(
η(j)−η(())θ

−1

∆Γ(p)

[∑ℏ
Λ=1 vΛ

∫ vΛ
0

η′Υ) (η (vΛ)− η(l))
p−1

ω(l)dl
]
,

Υ ∈ [0,Υ1] , ðΛ(Υ),Υ ∈ [ΥΛ, rΛ] , Λ = 1, 2, . . . , ℏ,

ðΛ (rΛ) +
1

Γ(p)

∫ Υ

0
η′(l)(ηΥ)− η(l))p−1ω(l)dl

− 1
Γ(p)

∫ rΛ
0
η′(l) (η (rΛ)− η(r))

p−1
ω(l)dl,

Υ ∈ (rΛ,ΥΛ+1] , Λ = 1, 2, . . . , ℏ.
(6)

is a solution of the following system:

HDp,q;ηε(Υ) = ωΥ), Υ ∈ (rΛ,ΥΛ+1] ⊂ [0,ℑ] , 0 < p < 1,

ε(Υ) = ðΛΥ), Υ ∈ [ΥΛ, rΛ] , Λ = 1, . . . , ℏ,
ε(0) = 0,

ε (ℑ) =
ℏ∑

Λ=1

vΛIςΛε (vΛ) ,

(7)

where,

∆ := (ηΥ)− η(0))θ−1
ℏ∑

Λ=1

vΛ (η (vΛ)− η(0))
θ−1 ̸= 0.

Proof. Let ε(Υ) satisfies (7). Integrating (7) for Υ ∈ [0,Υ1], we have

ε(Υ) = ε (ℑ) + 1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ω(l)dt. (8)

On other hand, if j ∈ (rΛ,ΥΛ+1] ,Λ = 1, 2, . . . , ℏ, when integrating (7), we have

ε(Υ) = ε (lΛ) +
1

Γ(p)

∫ ȷ

rΛ

η′(l)(ηΥ)− η(l))p−1ω(l)dl. (9)

From ε(Υ) = ðΛΥ),Υ ∈ [ΥΛ, rΛ], we get

ε (lΛ) = ðΛ (rΛ) . (10)

Consequently, from Eqs. (9) and (10), we get

ε(Υ) = ðΛ (rΛ) +
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ω(l)dl, (11)

and

ε(Υ) = ðΛ (rΛ) +
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ω(l)dl − 1

Γ(p)

∫ rΛ

0

(η′(l)η (rΛ)− η(r))
p−1

ω(l)dl.

(12)
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We now show that ε satisfies Eq. (7). Clearly, ε(0) = 0,
ℏ∑

Λ=1

vΛIφΛε (vΛ) =

ℏ∑
Λ=1

vΛ
(ηΥ)− η(0))p−1

∆Γ(θ)

[ ℏ∑
Λ=1

vΛIp+φΛ;ηω (vΛ)− Iα;ηω (a2)

]

+

ℏ∑
Λ=1

vΛIα+φΛω (vΛ)

=
(ηΥ)− η(0))θ−1

∆

[ ℏ∑
Λ=1

vΛIp+φΛ;ηω (vΛ)

]
+ Ip;ηω (ℑ)

= ε (ℑ) .

(13)

Now, it’s clear that (8), (12) and (13)⇒(6), hence the proof.

3 Main Results

Theorem 3.1. Supposes that the premise below is accurate:

(Al1) : ∃ L,G,N1,M,M1,LhΛ
> 0, for εi, ωi, ui, vi, ϑ ∈ ℜ, i = 1, 2, such that:

|ℑ [Υ, ε1, ω1, u1)−ℑ (j, ε2, ω2, u2)| ≤ L |ε1 − ε2|+ G |ω1 − ω2|+N1 |u1 − u2| , Υ ∈ [0,ℑ] ,
|ΛΥ, l, ϑ)− ΛΥ, l, v)| ≤ M|ϑ− v|, for Υ ∈ [ΥΛ, rΛ] ,

|Λ1Υ, l, ϑ)− Λ2Υ, l, v)| ≤ M1|ϑ− v|, for Υ ∈ [ΥΛ, rΛ] ,

|ðΛ (Υ, v1)− ðΛ (Υ, v2)| ≤ LhΛ |v1 − v2| .

If,

Z := max

{
max

Λ=1,2,...,ℏ
LhΛ

+
(L+ GM+N1M1)

Γ(p + 1)

(
Υp

Λ+1 + rpΛ
)
,

LhΛ
+ (L+ GM++N1M1)

×

{
(ηΥ)− η(0))θ−1

|∆|Γ(θ)

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]
+

(ηΥ)− η(0))p

Γ(p + 1)

}}
< 1,

(14)

then the problem given by (1)-(4) has a unique solution on [0,ℑ].

Proof. Let expand N : PC ([0,ℑ] ,ℜ) −→ PC ([0,ℑ] ,ℜ) by

(N ε)Υ) :=



ðℏ (rℏ, ε (lℏ)) +
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ℑ
(
l, ε(l),Bε(l), Cε(l)

)
dl

+

(
η(j)−η(0)

)θ−1

∆

[ ℏ∑
Λ=1

vΛ

∫ vΛ

0

η′(j)
(
η (vΛ)− η(l)

)p−1ℑ
(
vΛ, ε(vΛ),Bε(vΛ), Cε(vΛ)

)]
,

Υ ∈ [0,Υ1], ðΛ(Υ), Υ ∈ [ΥΛ, rΛ] , Λ = 1, 2, . . . , ℏ,

ðΛ (rΛ) +
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ℑ(l, ε(l),Bε(l), Cε(l))dl

− 1
Γ(p)

∫ rΛ
0
η′(l) (η (rΛ)− η(r))

p−1 ℑ(l, ε(l),Bε(l), Cε(l))dl,
Υ ∈ (rΛ,ΥΛ+1] , Λ = 1, 2, . . . , ℏ.
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Thus, N is well defined,

Case 1. N is a contraction.
Let ε, ε̄ ∈ PC ([0,ℑ] ,ℜ) and Υ ∈ [0,Υ1], we get

|(N ε)Υ)− (N ε)Υ)|
≤ LhΛ

+ (L+ GM+N1M1){
(ηΥ)− η(0))θ−1

|∆|Γ(θ)

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]
+

(ηΥ)− η(0))p

Γ(p + 1)

}
∥ε− ε∥PC.

Case 2. Let j ∈ [ΥΛ, rΛ], we have

|(N ε)Υ)− (N ε̄)Υ)| ≤ |ðΛΥ, ε(Υ))− ðΛΥ, ε̄Υ))|
≤ LhΛ∥ε− ε̄∥PC.

Case 3. Letting j ∈ (rΛ,ΥΛ+1], we obtain

|(N ε)Υ)− (N ε̄)Υ)|
≤| ðΛ(rΛ, ε (lΛ))− ðΛ(lΛ, ε̄ (rΛ))

+
1

Γ(p)

∫ ȷ

0

Υ− ı)p−1 |ℑ(l, ε(l),Bε(l), Cε(l))−ℑ(l, ε̄(l),Bε̄(l), Cε̄(l))|dl

+
1

Γ(p)

∫ rΛ

0

(rΛ − r)
p−1 |ℑ(l, ε(l),Bε(l), Cε(l))−ℑ(l, ε̄(l),Bε̄(l), Cε̄(l))|dl

≤
[
LhΛ +

(L+ GM+N1M1)

Γ(p + 1)

(
Υp

Λ+1 + rpΛ
)]

∥ε− ε̄∥PC.

Thus, N be contraction when,

Z =

[
LhΛ +

(L+ GM+N1M1)

Γ(p + 1)

(
jpΛ+1 + rpΛ

)]
< 1.

Then, the Eqs (1)-(4) has a unique solution when ε ∈ PC
(
[0,ℑ] ,ℜ

)
.

Theorem 3.2. Supposes that (AI1) is hold and the following assumption satisfied:

(A12) : ∃ LgΛ > 0 and

|ℑ (j, W1, ω1, u1)| ≤ LgΛ (1 + |W1|+ |ω1|+ |u1|) , j ∈ [rΛ,ΥΛ+1] ,∀ W1, ω1, u1 ∈ ℜ.

(A3) : ∃ A function κΛΥ),Λ = 1, 2, . . . , ℏ, and

|ðΛ (d, s1, ω1)| ≤ κΛ(d), d ∈ [jΛ, rΛ] ,∀s1, ω1 ∈ ℜ.

Let MΛ := supΥ∈[ΥΛ,rr]KΛΥ) <∞ and K := maxLgΛ < 1, ∀ Λ = 1, 2, . . . , ℏ.
Then Eqs. (1)-(4) have at least one solution on [0,ℑ].

Proof. Supposes that,

Bp,r := {ε ∈ PC ([0,ℑ] ,ℜ) : ∥ε∥PC ≤ r} .
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Let Q and∇ are factors on Bp,r given by:

Qε(Υ) :=


ðℏ (rℏ, ε (lℏ)) , Υ ∈ [0,Υ1] ,

ðΛ(j, ε(Υ)), Υ ∈ [ΥΛ, rΛ] , Λ = 1, 2, . . . , ℏ,
ðΛ (rΛ, ε (lΛ)) , Υ ∈ (rΛ,ΥΛ+1] , Λ = 1, 2, . . . , ℏ,

and

∇ε(Υ) :=



1

Γ(p)

∫ Υ

a1

η′(l)(ηΥ)− η(l))p−1ℑ(l, ε(l),Bε(l), Cε(l))dl

+
(ηΥ)− η(0))θ−1

∆

[ ℏ∑
Λ=1

vΛ

∫ vΛ

0

η′Υ) (η (vΛ)− η(l))
p−1 ℑ (vΛ, ε (vΛ) ,Bε (vΛ) , Cε (vΛ))

]
,

Υ ∈ [0,Υ1] , 0,Υ ∈ [ΥΛ, rΛ] , Λ = 1, 2, . . . , ℏ,
1

Γ(p)

∫ Υ

0

η′(l)(ηΥ)− η(l))p−1ℑ(l, ε(l),Bε(l), Cε(l))dl

− 1

Γ(p)

∫ rΛ

0

η′(l) (η (rΛ)− η(l))
p−1 ℑ(l, ε(l),Bε(l), Cε(l))dl,

Υ ∈ (rΛ,ΥΛ+1] , Λ = 1, 2, . . . , ℏ.

Step 1: Let ε ∈ Bp,r, we get Qε+∇ε ∈ Bp,r.
Case 1: For j ∈ [0,Υ1], we get

|Qε+∇ε̄|

≤ |ðℏ (rℏ, ε (lℏ))|+
1

Γ(p)

∫ Υ

0

Υ− l)p−1|ℑ(l, ε(l),Bε(l), Cε(l))|dl + (ηΥ)− η(0))θ−1

∆

×

[ ℏ∑
Λ=1

vΛ

∫ vΛ

0

η′Υ) (η (vΛ)− η(l))
p−1 ℑ (vΛ, ε (vΛ) ,Bε (vΛ) , Cε (vΛ)) dvΛ

]
,

≤
[
LhΛ

+ (L+ GM+N1M1)

{
(ηΥ)− η(0))p

Γ(p + 1)
+

(ηΥ)− η(0))θ−1

|∆|Γ(θ)

×

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]}]
(1 + r) ≤ r.

Case 2: ∀ j ∈ [ΥΛ, rΛ ], we get

|Qε+∇ε̄| ≤ |ðΛ (j, W1(j))| ≤ MΛ.

Case 3: ∀ j ∈ (rΛ,ΥΛ+1],

|Qε+∇ε̄Υ)| ≤ |ðΛ (rΛ, ε (lΛ))|+
1

Γ(p)

∫ ȷ

0

Υ− l)p−1|ℑ(l, ε(l),Bε(l), Cε(l))|dl

+
1

Γ(p)

∫ rΛ

0

(rΛ − r)
p−1 |ℑ(l, ε(l),Bε(l), Cε(l))|dl,

≤ MΛ +

[
LgΛ

(
rpΛ + jpΛ+1

)
Γ(p + 1)

]
(1 + r) ≤ r.

Thus,

Qε+∇ε ∈ Bp,r
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Step 2: Q be contraction on Bp,r.
Case 1: Let ε1, ε2 ∈ Bp,r. Hence, when Υ ∈ [0,Υ1], we get

|Qε1Υ)−Qε2(j)| ≤ Lgℏ |ε1 (rℏ)− ε2 (rℏ)| ≤ Lgℏ ∥ε1 − ε2∥PC ·

Case 2: ∀ j ∈ [ΥΛ, rΛ] ,Λ = 1, 2, . . . , ℏ, we have

|Qε1Υ)−Qε2Υ)| ≤ LgΛ ∥ε1 − ε2∥PC ·

Case 3: ∀ j ∈ (rΛ,ΥΛ+1], we obtain

|Qε1Υ)−Qε2Υ)| ≤ LgΛ ∥ε1 − ε2∥PC ·

Then,

|Qε1Υ)−Qε2Υ)| ≤ K ∥ε1 − ε2∥PC .

Then, Q be a contraction.
Step 3: ∇ is continuous.

For εσ is a sequence in PC ([0,ℑ] ,ℜ).
Case 1: ∀ Υ ∈ [0,Υ1], we get

|QεσΥ)−Qε(Υ)| ≤

[
(ηΥ)− η(0))θ−1

|∆|Γ(θ)

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]

+
(ηΥ)− η(0))p

Γ(p + 1)

]
× ∥ℑ (., εσ(.), ., .)−ℑ(., ε(.), ., .)∥PC .

Case 2: ∀ j ∈ [ΥΛ, rΛ], we get

|QεσΥ)−Qε(j)| = 0.

Case 3: ∀ Υ ∈ (rΛ,ΥΛ+1] ,Λ = 1, 2, . . . , ℏ, we obtain

|QεσΥ)−Qε(Υ)| ≤ (ΥΛ+1 − rΛ)

Γ(p + 1)
∥ℑ (., εσ(.), ., .)−ℑ(., ε(.), ., .)∥PC .

Thus, based on the aforementioned situations, we may say ∥Qεσ(j)−Qε(j)∥PC −→ 0
as σ → ∞.

Step 4: Let’s finish by demonstrating Q’s compactness.
First of all, Q is constrained uniformly on Bp,r.

Since ∥Qε∥ ≤ LgΛ(T )

Γ(1 + p)
< r, therefore, we have Q is constrained uniformly on Bp,r.

We demonstrate how Q converts a bounded set to a Bp,r equicontinuous set.

Case 1: For Υ ∈ [0,Υ1], 0 ≤ E1 ≤ E2 ≤ Υ1, ε ∈ Br, we have

|QE2 −QE1| ≤
LgΛ(1 + r)

Γ(p + 1)
(E2 − E1) .

Case 2: ∀ j ∈ [ΥΛ, rΛ] ,ΥΛ < E1 < E2 ≤ rΛ, ε ∈ Bp,r, we have

|QE2 −QE1| = 0.
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Case 3: ∀ Υ ∈ (rΛ,ΥΛ+1] , rΛ < E1 < E2 ≤ ΥΛ+1, ε ∈ Bp,r, we have

|QE2 −QE1| ≤
LgΛ(1 + r)

Γ(p + 1)
(E2 − E1) .

From the above cases, we deduce that |QE2 −QE1| −→ 0 as E2 −→ E1 and Q is equicontinuous.
By applying the Ascoli-Arzela theorem, it can be shown thatQ is compact and thatQ is relatively
compact whenQ (Bp,r). As a result, there is at least one fixed point on [0, T⋆] in the equations from
(1) to (4).

4 Examples

Example 4.1. As an illustration of our problem (1)-(4), consider the boundary value impulsive problem
given below:

Dp,q;ηε(Υ) =
e−Υ|ε(Υ)|

9 + e−Υ(1 + |ε(Υ)|)
+

1

3

∫ Υ

0

e−(l−Υ)ε(l)dl +
1

2

∫ 1

0

eΥ−l)ε(l)dl, Υ ∈ (0, 1], (15)

ε(Υ) =
|ε(Υ)|

2(1 + |ε(Υ)|)
, Υ ∈

(
1

2
, 1

]
, (16)

ε(0) = 0, (17)

ε(1) =
1

2
I 2

3 ε

(
7

5

)
+

2

3
I 4

5 ε

(
9

5

)
+

5

2
I 3

4 ε

(
7

2

)
, (18)

together with L = G = N1 =
1

10
, M =

1

3
, M1 =

1

2
, p =

5

7
, θ = 2

5
, Lh1

=
1

3
, v1 =

1

2
, v2 =

2

3
, v3 =

2

5
,

v1 =
2

7
, v2 =

5

9
, v3 =

1

7
, φ1 =

2

3
, φ2 =

4

5
, φ3 =

3

4
. We will examine the expression (14) for the value

p ∈ (1, 2). Theorem 3.1 allows us to conclude that:

LhΛ
+

(L+ GM+N1M1)

Γ(p + 1)

(
jpΛ+1 + rpΛ

)
≈ 0.5 < 1,

and

LhΛ
+ (L+ GM+N1M1)

{
(ηΥ)− η(0))p

Γ(p + 1)
+

(ηΥ)− η(0))θ−1

|∆|Γ(θ)

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]}
≈ 0.59 < 1.

Hence, from Theorem 3.1 the system (15)-(18) has a unique solution on [0, 1].

Example 4.2. Consider the boundary value problem given below:

D
6
5 ,

1
6 ;ηε(Υ) = ℑ

(
Υ, ε(Υ), I

5
2 ε(Υ)

)
, Υ ∈

[
1

5
,
16

5

]
, (19)

ε

(
1

5

)
= 0,

∫ 16
5

1
5

ε(l)dl +
4

5
=

2

7
ε

(
8

5

)
+

3

7
ε

(
11

5

)
+

4

7
ε

(
13

5

)
+

5

7
ε

(
14

5

)
, (20)
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where

ℑ
(
Υ, ε(Υ), I

5
2 ε(Υ)

)
=

5
((

1 + tan−1 |ε(Υ)|+ I
5
2 ε(Υ),

))
8(Υ + 100)

,
5

5Υ + 749

1 + sin |ε(Υ)|+

∣∣∣I 5
2 ε(Υ)

∣∣∣
1 +

∣∣∣I 5
2 ε(Υ)

∣∣∣
 .

Next we can find that

LhΛ
+

(L+ GM+N1M1)

Γ(p + 1)

(
jpΛ+1 + rpΛ

)
≈ 0.63821 < 1,

and

LhΛ
+ (L+ GM+N1M1)

{
(ηΥ)− η(0))p

Γ(p + 1)
+

(ηΥ)− η(0))θ−1

|∆|Γ(θ)

[ ℏ∑
Λ=1

|vΛ|
(η (vΛ)− η(0))

p+φΛ;η

Γ (p + φΛ + 1)

]}
≈ 0.7242 < 1.

Hence, from Theorem 3.1 the system (19)-(20) has a unique solution on
[
1

5
,
16

5

]
.

5 Conclusion

With boundary multi-point non-instantaneous conditions and impulsive η-Hilfer fractional V-
FIDEs, we have looked into the uniqueness and existence criteria for solutions of a BVP. The fixed-
point technique, specifically the Krasnoselskii’s fixed-point theorem and the Banach contraction
principle, was applied to the presented situation to provide the desired results. Furthermore, we
established that the approach is bounded. Our findings in the specified configuration are inno-
vative and significantly advance the body of knowledge in this emerging field of research. Due
to the dearth of papers on differential implicit hybrid equations, particularly with impulses non-
instantaneous, we believe there are numerous prospective study areas such as linked systems,
issues with infinite delays, and many more. All the obtained results are supported by an appli-
cable example to apply and validate them. Therefore, this research study sheds the light on this
interesting topic of research and motivates all other researchers to work on further investigation
of η-Hilfer non-periodic boundary value problem defined in other fractional derivatives. Also, for
future work as a continuation of the study, we aim to analyze model (1) in the generalized Caputo
fractional derivatives.

Acknowledgement I would like to send my thanks to the reviewers for finding the time to read
and improve my work in the current manuscript.

Conflicts of Interest The author declares no conflict of interest.

References

[1] M. I. Abbas (2021). Non-instantaneous impulsive fractional integro-differential equations
with proportional fractional derivatives with respect to another function. Mathematical Meth-
ods in the Applied Sciences, 44(13), 10432–10447. https://doi.org/10.1002/mma.7419.

701

https://doi.org/10.1002/mma.7419


F. M. Ismaael Malaysian J. Math. Sci. 17(4): 691–704(2023) 691 - 704

[2] R. Agarwal, S. Hristova & D. O’Regan (2017). Non-instantaneous impulses in Caputo
fractional differential equations. Fractional Calculus and Applied Analysis, 20(3), 595–622.
https://doi.org/10.1515/fca-2017-0032.

[3] M. R. Ali, A. R. Hadhoud & H. M. Srivastava (2019). Solution of fractional Volterra–
Fredholm integro-differential equations under mixed boundary conditions by using the
HOBW method. Advances in Difference Equations, 2019(1), Article ID: 115. https://doi.org/
10.1186/s13662-019-2044-1.

[4] A. Anguraj, P. Karthikeyan, M. Rivero & J. J. Trujillo (2014). On new existence results for
fractional integro-differential equations with impulsive and integral conditions. Computers
& Mathematics with Applications, 66(12), 2587–2594. https://doi.org/10.1016/j.camwa.2013.
01.034.

[5] S. Asawasamrit, A. Kijjathanakorn, S. K. Ntouyas & J. Tariboon (2018). Nonlocal boundary
value problems for Hilfer fractional differential equations. Bulletin of the Korean Mathematical
Society, 55(6), 1639–1657. https://doi.org/10.4134/BKMS.b170887.

[6] S. Asawasamrit, Y. Thadang, S. K. Ntouyas & J. Tariboon (2021). Non-instantaneous im-
pulsive boundary value problems containing Caputo fractional derivative of a function with
respect to another function and Riemann–Stieltjes fractional integral boundary conditions.
Axioms, 10(3), 130. https://doi.org/10.3390/axioms10030130.

[7] D. Baleanu, H. Mohammadi & S. Rezapour (2020). Analysis of the model of HIV-1 infection
of CD4+ T-cell with a new approach of fractional derivative. Advances in Difference Equations,
2020(1), 1–17. https://doi.org/10.1186/s13662-020-02544-w.

[8] S. Etemad, I. Avci, P. Kumar, D. Baleanu & S. Rezapour (2022). Some novel mathematical
analysis on the fractal–fractional model of the AH1N1/09 virus and its generalized Caputo-
type version. Chaos, Solitons & Fractals, 162, Article ID: 112511. https://doi.org/10.1016/j.
chaos.2022.112511.

[9] L.Guo, K.Ali Shah, S. Bai&A. Zada (2022). On the analysis of a neutral fractional differential
system with impulses and delays. Fractal and Fractional, 6(11), 673. https://doi.org/10.3390/
fractalfract6110673.

[10] V. Gupta & J. Dabas (2017). Nonlinear fractional boundary value problemwith not instanta-
neous impulse. AIMS Mathematics, 2(2), 365–376. https://doi.org/10.3934/Math.2017.2.365.

[11] A. A. Hamoud (2020). Existence and uniqueness of solutions for fractional neutral Volterra-
Fredholm integro differential equations. Advances in the Theory of Nonlinear Analysis and its
Application, 4(4), 321–331. https://doi.org/10.31197/atnaa.799854.

[12] A. A. Hamoud (2021). Uniqueness and stability results for Caputo fractional Volterra-
Fredholm integrodifferential equations. Journal of Siberian Federal University. Mathematics &
Physics, 14(3), 313–325. https://doi.org/10.17516/1997-1397-2021-14-3-313-325.

[13] A.A.Hamoud (2023). On time scales fractional Volterra-Fredholm integro-differential equa-
tion. Discontinuity, Nonlinearity, and Complexity, 12(3), 615–630. https://doi.org/10.5890/
DNC.2023.09.009.

[14] A. A. Hamoud, S. A. M. Jameel, N. M. Mohammed, H. Emadifar, F. Parvaneh &M. Khademi
(2023). On controllability for fractional Volterra-Fredholm system.Nonlinear Functional Anal-
ysis and Applications, 28(2), 407–420. https://doi.org/10.22771/nfaa.2023.28.02.06.

702

https://doi.org/10.1515/fca-2017-0032
https://doi.org/10.1186/s13662-019-2044-1
https://doi.org/10.1186/s13662-019-2044-1
https://doi.org/10.1016/j.camwa.2013.01.034
https://doi.org/10.1016/j.camwa.2013.01.034
https://doi.org/10.4134/BKMS.b170887
https://doi.org/10.3390/axioms10030130
https://doi.org/10.1186/s13662-020-02544-w
https://doi.org/10.1016/j.chaos.2022.112511
https://doi.org/10.1016/j.chaos.2022.112511
https://doi.org/10.3390/fractalfract6110673
https://doi.org/10.3390/fractalfract6110673
https://doi.org/10.3934/Math.2017.2.365
https://doi.org/10.31197/atnaa.799854
https://doi.org/10.17516/1997-1397-2021-14-3-313-325
https://doi.org/10.5890/DNC.2023.09.009
https://doi.org/10.5890/DNC.2023.09.009
https://doi.org/10.22771/nfaa.2023.28.02.06


F. M. Ismaael Malaysian J. Math. Sci. 17(4): 691–704(2023) 691 - 704

[15] A. A. Hamoud, A. D. Khandagale, R. Shah & K. P. Ghadle (2023). Some new results on
Hadamard neutral fractional nonlinear Volterra-Fredholm integro-differential equations.
Discontinuity, Nonlinearity, and Complexity, 12(4), 893–903. https://doi.org/10.5890/DNC.
2023.12.013.

[16] A. A. Hamoud &M. Osman (2023). Existence, uniqueness and stability results for fractional
nonlinear Volterra-Fredholm integro-differential equations. TWMS Journal of Applied and
Engineering Mathematics, 13(2), 491–506.

[17] A. A.Hamoud, N.M.Mohammed&R. Shah (2023). Theoretical analysis for a system of non-
linear ϕ-Hilfer fractional Volterra-Fredholm integro-differential equations. Journal of Siberian
Federal University Mathematics & Physics, 16(2), 216–229.

[18] E. Hernández & D. O’Regan (2013). On a new class of abstract impulsive differential equa-
tions. Proceedings of the American Mathematical Society, 141(5), 1641–1649. http://dx.doi.org/
10.1090/S0002-9939-2012-11613-2.

[19] R. Hilfer (2000). Applications of Fractional Calculus in Physics. World Scientific, Germany.
https://doi.org/10.1142/3779.

[20] K. H. Hussain, A. A. Hamoud & N. Mohammed (2019). Some new uniqueness results for
fractional integro-differential equations. Nonlinear Functional Analysis and Applications, 24(4),
827–836. https://doi.org/10.22771/nfaa.2019.24.04.13.

[21] S.Hussain, E.N.Madi, H. Khan, H.Gulzar, S. Etemad, S. Rezapour&M.K.A. Kaabar (2022).
On the stochastic modeling of COVID-19 under the environmental white noise. Journal of
Function Spaces, 2022, Article ID: 4320865. https://doi.org/10.1155/2022/4320865.

[22] A. G. Ibrahim & A. A. Elmandouh (2021). Existence and stability of solutions of ψ-Hilfer
fractional functional differential inclusions with non-instantaneous impulses. AIMS Mathe-
matics, 6(10), 10802–10832. https://doi.org/10.3934/math.2021628.

[23] K. Ivaz, I. Alasadi & A. Hamoud (2022). On the Hilfer fractional Volterra-Fredholm integro
differential equations. IAENG International Journal of Applied Mathematics, 52(2), 426–431.

[24] S. Kailasavalli, M. M. Arjunan & P. Karthikeyan (2015). Existence of solutions for fractional
boundary value problems involving integro-differential equations in Banach spaces. Nonlin-
ear Studies, 22(2), 341–358.

[25] P. Karthikeyan, K. Venkatachalam & S. Abbas (2021). Existence results for fractional im-
pulsive integro-differential equations with integral conditions of Katugampola type. Acta
Mathematica Universitatis Comenianae, 90(4), 421–436.

[26] A. A. Kilbas, H. M. Srivastava & J. J. Trujillo (2006). Theory and Applications of Fractional
Differential Equations volume 204. Elsevier, Amsterdam.

[27] C. Long, J. Xie, G. Chen & D. Luo (2020). Integral boundary value problem for fractional
order differential equations with non-instantaneous impulses. International Journal of Mathe-
matical Analysis, 14(6), 251–266. https://doi.org/10.12988/ijma.2020.912110.

[28] N. I. Mahmudov & S. Emin (2018). Fractional-order boundary value problems with
Katugampola fractional integral conditions. Advances in Difference Equations, 2018(1), Article
ID: 81. https://doi.org/10.1186/s13662-018-1538-6.

[29] M. M. Matar, M. I. Abbas, J. Alzabut, M. K. A. Kaabar, S. Etemad & S. Rezapour (2021).
Investigation of the p-Laplacian nonperiodic nonlinear boundary value problem via gener-
alized Caputo fractional derivatives. Advances in Difference Equations, 2021(1), 1–18. https:
//doi.org/10.1186/s13662-021-03228-9.

703

https://doi.org/10.5890/DNC.2023.12.013
https://doi.org/10.5890/DNC.2023.12.013
http://dx.doi.org/10.1090/S0002-9939-2012-11613-2
http://dx.doi.org/10.1090/S0002-9939-2012-11613-2
https://doi.org/10.1142/3779
https://doi.org/10.22771/nfaa.2019.24.04.13
https://doi.org/10.1155/2022/4320865
https://doi.org/10.3934/math.2021628
https://doi.org/10.12988/ijma.2020.912110
https://doi.org/10.1186/s13662-018-1538-6
https://doi.org/10.1186/s13662-021-03228-9
https://doi.org/10.1186/s13662-021-03228-9


F. M. Ismaael Malaysian J. Math. Sci. 17(4): 691–704(2023) 691 - 704

[30] C. Nuchpong, S. K. Ntouyas & J. Tariboon (2020). Boundary value problems of Hilfer-type
fractional integro-differential equations and inclusions with nonlocal integro-multipoint
boundary conditions. Open Mathematics, 18(1), 1879–1894. https://doi.org/10.1515/
math-2020-0122.

[31] N. Phuangthong, S. K. Ntouyas, J. Tariboon & K. Nonlaopon (2021). Nonlocal sequential
boundary value problems for Hilfer type fractional integro-differential equations and inclu-
sions. Mathematics, 9(6), 615. https://doi.org/10.3390/math9060615.

[32] I. Podlubny (1999). Fractional Differential Equations: An Introduction to Fractional Derivatives,
Fractional Differential Equations, to Methods of Their Solution and Some of Their Applications.
Mathematics in Science and Engineering. Academic Press, New York.

[33] A. Salim, M. Benchohra, J. R. Graef & J. E. Lazreg (2020). Boundary value problem for frac-
tional order generalized Hilfer-type fractional derivative with non-instantaneous impulses.
Fractal and Fractional, 5(1), Article ID: 1. https://doi.org/10.3390/fractalfract5010001.

[34] S. Shahid, S. Saifullah, U. Riaz, A. Zada & S. B. Moussa (2023). Existence and stability results
for nonlinear implicit random fractional integro-differential equations. Qualitative Theory of
Dynamical Systems, 22(2), Article ID: 81. https://doi.org/10.1007/s12346-023-00772-5.

[35] S. Sitho, S. K. Ntouyas, A. Samadi & J. Tariboon (2021). Boundary value problems for ψ-
Hilfer type sequential fractional differential equations and inclusions with integral multi-
point boundary conditions. Mathematics, 9(9), Article ID: 1001. https://doi.org/10.3390/
math9091001.

[36] J. V. D. C. Sousa & E. C. de Oliveira (2019). A Gronwall inequality and the Cauchy-type
problem by means of ψ-Hilfer operator. Differential Equations & Applications, 11(1), 87–106.
http://dx.doi.org/10.7153/dea-2019-11-02.

[37] H. M. Srivastava (2021). Some parametric and argument variations of the operators of frac-
tional calculus and related special functions and integral transformations. Journal of Nonlinear
and Convex Analysis, 22(8), 1501–1520.

[38] H. M. Srivastava (2020). Fractional-order derivatives and integrals: Introductory overview
and recent developments. Kyungpook Mathematical Journal, 60(1), 73–116. https://doi.org/
10.5666/KMJ.2020.60.1.73.

[39] H. M. Srivastava (2021). An introductory overview of fractional-calculus operators based
upon the Fox-Wright and related higher transcendental functions. Journal of Advanced Engi-
neering and Computation, 5(3), 135–166. http://dx.doi.org/10.55579/jaec.202153.340.

[40] R. Subashini, C. Ravichandran, K. Jothimani & H. M. Baskonus (2020). Existence results of
Hilfer integro-differential equations with fractional order. Discrete & Continuous Dynamical
Systems – Series S, 13(3), 911–923. https://doi.org/10.3934/dcdss.2020053.

[41] W. Sudsutad, C. Thaiprayoon & S. K. Ntouyas (2021). Existence and stability results for
ψ-Hilfer fractional integro-differential equation with mixed nonlocal boundary conditions.
AIMS Mathematics, 6(4), 4119–4141. https://doi.org/10.3934/math.2021244.

[42] X. Yu (2015). Existence and β-Ulam-Hyers stability for a class of fractional differential equa-
tions with non-instantaneous impulses. Advances in Difference Equations, 2015(1), Article ID:
104. https://doi.org/10.1186/s13662-015-0415-9.

704

https://doi.org/10.1515/math-2020-0122
https://doi.org/10.1515/math-2020-0122
https://doi.org/10.3390/math9060615
https://doi.org/10.3390/fractalfract5010001
https://doi.org/10.1007/s12346-023-00772-5
https://doi.org/10.3390/math9091001
https://doi.org/10.3390/math9091001
http://dx.doi.org/10.7153/dea-2019-11-02
https://doi.org/10.5666/KMJ.2020.60.1.73
https://doi.org/10.5666/KMJ.2020.60.1.73
http://dx.doi.org/10.55579/jaec.202153.340
https://doi.org/10.3934/dcdss.2020053
https://doi.org/10.3934/math.2021244
https://doi.org/10.1186/s13662-015-0415-9

	Introduction
	An Auxiliary Result
	Main Results
	Examples
	Conclusion

